Abstract. This paper is concerned with the lengths of constant length substitutions that generate topologically conjugate systems. We show that if the systems are infinite, then these lengths must be powers of the same integer. This result is a dynamical formulation of a special case of a 1969 theoretical computer science result of Alan Cobham [1]. Our proof is rather simple.
Introduction
This paper is concerned with the lengths of constant length substitutions that generate topologically conjugate systems. We show that if the systems are infinite, then these lengths must be powers of the same integer. This result is a dynamical formulation of a special case (for constant length substitutions) of a 1969 theoretical computer science result of Alan Cobham [1] . Our proof is rather simple.
Fabien Durand (Theorem 8 of [4] ) put Cobham's Theorem in the setting of symbolic dynamics. For a brief discussion of the history of Cobham's Theorem and how it came to symbolic dynamics via computer science and logic, see [4] . Included there are S. Eilenberg's remarks on the "highly technical" nature of Cobham's original proof [5] , as well as comments on subsequent proofs.
Durand's proof, unlike ours, works for non-constant length substitutions, too, and hence is more complicated. Our proof is, we believe, the simplest proof yet of (this special case of) Cobham's Theorem. It relies on the characterization in [2] of symbolic minimal systems topologically conjugate to constant length substitution minimal systems. The authors thank Fabien Durand for several enlightening electronic discussions about substitutions and Cobham's Theorem.
Basic Concepts
A dynamical system is a pair (X, T ), where T : X → X is a homeomorphism. Dynamical systems (X, T ) and (Y, S) are considered "the same" if the actions of T on X and of S on Y are the same, only the names of the points have been changed. Formally, (X, T ) and (Y, S) are topologically conjugate iff there is a homeomorphism ϕ :
A symbolic dynamical system is a dynamical system (X, σ), where σ is the (left) shift and X is a closed, shift-invariant subset of some A (a) for every a ∈ A. If θ is primitive, then there is a unique smallest symbolic dynamical system (X θ , σ) such that every word θ i (a), a ∈ A, i ≥ 1 appears in X θ . Then (X θ , σ) is minimal and is called the substitution minimal system generated by θ.
Finally, it is clear that for every n ≥ 2, θ and θ n generate the same substitution minimal system.
Cobham's Theorem
Cobham's Theorem. The lengths of primitive, constant length substitutions that generate topologically conjugate infinite substitution minimal systems are powers of the same integer.
Proof. Suppose that θ and ζ are primitive, constant length substitutions that generate topologically conjugate infinite substitution minimal systems (X θ , σ) and (X ζ , σ). In [3] F. M. Dekking proved that the set of prime divisors of the length of a primitive, constant length substitution that generates an infinite substitution minimal system is a topological conjugacy invariant of that substitution minimal system. We show that if the lengths of θ and ζ are not powers of the same integer, then both (X θ , σ) and (X ζ , σ) are topologically conjugate to a substitution minimal system generated by a substitution whose length has fewer prime factors than do the lengths of θ and ζ, contradicting Dekking's Theorem.
So let the lengths of θ and ζ be
where the p's are distinct primes and the m's and n's are positive.
If these lengths are not powers of the same integer, then
Replace θ by θ n J and ζ by ζ m J . The powers generate the same substitution minimal systems as do θ and ζ. It follows from (1) and (2) that the lengths M and N of θ n J and ζ m J satisfy M = RN , where R > 1 and has fewer prime factors than do M and N . By the Lemma below, there is a substitution minimal system generated by a primitive substitution of constant length R that is topologically conjugate to (X θ , σ) and (X ζ , σ). This contradicts Dekking's Theorem.
Lemma. Suppose that θ and ζ are primitive substitutions of constant lengths M and N that generate topologically conjugate infinite substitution minimal systems (X θ , σ) and (X ζ , σ). If M = RN , where R > 1, then there is a primitve substitution of constant length R that generates a substitution minimal system that is topologically conjugate to (X θ , σ) and (X ζ , σ).
Proof. Replace X ζ by its image in X θ under the topological conjugacy from (X ζ , σ) to (X θ , σ). Since the condition of the theorem on p. 1450 of [2] is preserved by topological conjugacy, there are proper σ Therefore, by the theorem in [2] , (X N , σ N ) is topologically conjugate to a substitution minimal system generated by a primitive substitution of constant length R. Hence so is (X θ , σ).
